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Incubators

Consider an incubator that can
heat/cool its interior:

Figure: Boekel Scientific GEN2
Refrigerated Incubator, model
165000.

The incubator sits in a lab
with at a certain ambient
temperature.

The incubator must
maintain its interior at a
precise temperature using a
heating/cooling element.

How should such an element
be controlled to maintain
the interior temperature?
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Control Theory

Many physical systems are governed by linear ODE’s.

We frequently want the system to behave in a certain way, even in
the presence of unforseen “disturbances.”

PID control theory is very common in our technology and relies
heavily on the Laplace transform.

It’s a perfect application of the standard undergraduate material;
the Laplace transform is indispensable here.
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Open Loop Control

Assume a perfect world in which the lab stays at a constant
temperature, say 70 degrees.

We want the incubator interior to stay at 80 degrees, but without
heat it will cool to 70.

Strategy: Set the heating/cooling element to precisely balance the
incubator heat gain/loss to the environment. The heating element
then runs at this constant power level.

This is an example of open loop control.

The incubator will then maintain constant temperature...as long as
nothing changes.
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An Incubator Model: Newton’s Law of Cooling

A simple model for the incubator temperature (without control) is

y ′(t) = −k(y(t) − 70)

where y(t) is the incubator temperature and 70 the ambient
temperature. Here k > 0 is a constant.

If we incorporate a heating element then

y ′(t) = −k(y(t) − 70) + u(t)

where u(t) quantifies a heat/cooling source under our control.
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No Control Example

Suppose k = 0.05 (units: degrees per hour) and the desired
incubator temperature is 80 degrees.

Suppose y(0) = 80 and
u(t) = 0 (no control). The incubator temperature is

Figure: Incubator temperature y(t) = 70 + 10e−t/20.
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Open Loop Example

Suppose we choose u(t) so that y(t) = 80 is the solution to
y ′(t) = −k(y(t) − 70) + u(t) or

0 = (−0.05)(80 − 70) + u(t).

This implies u(t) = (0.05)(80 − 70) = 0.5.

Figure: Incubator temperature with control u(t) = 0.5.
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Open Loop Example

With u(t) = 0.5 the incubator will stay at 80 degrees if nothing
changes.

But if the ambient temperature drops 5 degrees at some point:

Figure: Incubator temperature if ambient drops 5 degrees at time t = 20.
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Open Loop Drawbacks

Open loop control can’t adapt to unexpected changes
(“disturbances”). Perhaps

The lab ambient temperature changes (someone opens the
window...)

Someone opens the incubator door to get something.

The incubator thermal load changes (more/less stuff inside).

The incubator itself changes over time (door seals leak,
insulation degrades, heating elements age...)
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Feedback Control

When the desired interior temperature (the setpoint) is off target,
the control algorithm should recognize this and adjust the heating
element to compensate;

this is feedback or closed-loop control.

Feedback control is ubiquitous in our technology. For example,

Cruise control in cars. Also, many other functions, e.g.,
ignition timing, fuel-air mixture, shifting, etc.

Aeronautics—modern aircraft use control algorithms to
stabilize the aircraft, augment pilot input.

Electronics—virtually all circuits involve some kind of control,
e.g., voltage, current, frequency.

Many mechanical system employ active vibration control, e.g.,
certain vibration tables in labs.
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Proportional Closed Loop Control

A simple strategy is proportional control : If y(t) < 80, turn up the
heat.

If y(t) > 80, turn on the cooling.

The control strategy is to take the heater output according to

u(t) = Kp(80 − y(t))

for some constant Kp, the proportional gain. Note u(t) doesn’t
depend on ambient temperature.

In our example the ODE y ′ = −k(y − 80) + u becomes

y ′(t) = −0.05(y − 70)︸ ︷︷ ︸
Newton loss

+Kp(80 − y)︸ ︷︷ ︸
control

.
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Proportional Closed Loop Control

Proportional control with Kp = 1 and a five degree drop in
ambient gives the response in red (open loop u = 0.5 in blue):

Figure: Open loop control, u(t) = 0.5 (blue) and proportional control
u(t) = Kp(80 − (t)), Kp = 1 (red).
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Proportional Closed Loop Control

In proportional control the temperature stabilizes at a value below
the desired setpoint, even with no disturbance.

Here the controlled ODE

y ′(t) = −0.05(y − 70) + Kp(80 − y)

stabilizes at

y(t) = 80 − (0.05)(80 − 70)

0.05 + Kp︸ ︷︷ ︸
bias

= 80 − 0.476 = 79.524.

This bias can be decreased by making Kp large, but this may
overload the heating element (since u = Kp(80 − y).)
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Proportional-Integral Closed Loop Control

An alternative to proportional control u(t) = Kp(80 − y(t)) is
proportional-integral control (PI control),

u(t) = Kp((80 − y(t)) + Ki

∫ t

0
(80 − y(τ)) dτ

where Kp and Ki are the proportional and integral gains.

When y(t) < 80 the proportional term kicks in as before, and the
integral terms applies a progressively larger and larger input to
warm things up. Similar reasoning applies when y(t) > 80.
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Proportional-Integral Closed Loop Control

In the Newton-cooling ODE, PI control results in an
integro-differential equation for y(t):

y ′(t) = −k(y(t) − 70) + Kp((80 − y(t)) + Ki

∫ t

0
(80 − y(τ)) dτ︸ ︷︷ ︸

u(t)

.

Looks scary. But in the Laplace s-domain it’s easy to analyze.
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In the Laplace s-domain

y ′(t) = −k(y(t) − 70) + Kp((80 − y(t)) + Ki

∫ t

0
(80 − y(τ)) dτ︸ ︷︷ ︸

u(t)

.

becomes

sY (s)−y0 = −k(Y (s)−70/s)+Kp(80 − Y (s))/s + Ki (80/s − Y (s))/s︸ ︷︷ ︸
U(s)

.

Solving the control integro-differential equation for Y (s) is an
algebra problem (just like for ODE’s).
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Proportional-Integral Closed Loop Control

In our case (with Kp = Ki = 1 and y(0) = 80)

Y (s) =
80s2 + 83.5s + 80

s(s2 + 1.05s + 1)
.

An inverse transform shows

y(t) = 80 − 0.59e−0.525t sin(0.851t).
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Proportional-Integral Closed Loop Control

With no disturbance the temperature is

Figure: PI control, no disturbance.
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With a 5 degree drop in the ambient temperature at time t = 20
the PI-control incubator temperature is

Figure: PI control, 5 degree drop at time t = 20.
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Conclusion/Ideas for Students

Incorporate Kdy
′(t) into the control term (the is the “D” in

PID control).

What if the desired setpoint of 80 degrees is changed—how
does the controller respond?

Stability analysis: (Try making Kp < 0 in proportional
control).

Controller tuning: What values for Kp,Ki ,Kd give the “best”
control (maximally responsive, stable, minimize overshoot).

Explore the problem in the Laplace domain via block
diagrams, transfer functions, and view the Laplace transform
as a function of a complex variable.

Other fun applications include active control of a vibration
isolation table, or balancing an upside-down pendulum (or
Segway-type scooter).
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