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A population exhibiting a certain growth and density dependent dispersal (DDD) on the boundary.

෥𝜶 𝒗 = 𝑷𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒑𝒖𝒍𝒂𝒕𝒊𝒐𝒏 𝒔𝒕𝒂𝒚𝒊𝒏𝒈 𝒊𝒏 𝛀∗ 𝒖𝒑𝒐𝒏 𝒓𝒆𝒂𝒄𝒉𝒊𝒏𝒈 𝒃𝒐𝒖𝒏𝒅𝒂𝒓𝒚.

The domain

𝒗𝒕 = 𝑫∆𝒗 + 𝒓𝒇(𝒗);𝛀∗, 𝐭 > 𝟎

𝒗(𝟎, 𝒙) = 𝒗𝟎(𝒙); 𝛀
∗

෥𝜶 𝒗
𝝏𝒗

𝝏𝜼
+

𝑺𝟎𝑫𝟎

𝜿
𝟏 − ෥𝜶 𝒗 𝒗 = 𝟎; 𝝏𝛀∗, 𝐭 > 𝟎

𝒓 = Patch intrinsic growth rate

𝑫 = Diffusion rate in the domain

𝑫𝟎 = Diffusion rate in the matrix

𝑺𝟎 = Death rate in the matrix

𝜿 = Depends on the patch matrix interface 

Modelling Framework
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𝜴∗ = {𝒍𝒙 ∶ 𝒙 ∈ 𝛀} where 𝜴 = 𝟏

Patch size (𝒍) + Geometry (𝛀)

𝒖𝒕 =
𝑫

𝒍𝟐
∆𝒖 + 𝒓𝒇(𝒖);𝛀

𝑫

𝒍
𝜶 𝒖

𝝏𝒖

𝝏𝜼
+

𝑺𝟎𝑫𝟎

𝜿
𝟏 − 𝜶 𝒖 𝒖 = 𝟎; 𝝏𝛀

𝝀 =
𝒓𝒍𝟐

𝑫
and 𝜸 =

𝟏

𝜿

𝑺𝟎𝑫𝟎

𝑫𝒓
−∆𝒖 = 𝝀𝒇(𝒖); 𝛀

𝝏𝒖

𝝏𝜼
+ 𝜸 𝝀𝒈 𝒖 𝒖 = 𝟎; 𝝏𝛀

The original domain

J. Cronin, J. Goddard, and R. Shivaji, Effects of patch-matrix composition and individual 

movement response on population persistence at the patch-level, Bull. Math. Biol., 81 

(2019), no. 10, 3933–3975.

The scaled domain

𝒈 𝒖 =
𝟏 − 𝜶 𝒖

𝜶 𝒖
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Per-capita growth

Density Dependent Emigration (DDE)

𝟏 − 𝜶 𝒖 = 𝑫𝒊𝒔𝒑𝒆𝒓𝒔𝒂𝒍 (𝑬𝒎𝒊𝒈𝒓𝒂𝒕𝒊𝒐𝒏 𝒑𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚)

𝒇 𝒖 = 𝒖෨𝒇(𝒖)

Model of Interest

−𝒖′′ = 𝝀
𝟏

𝒂
𝒖 𝒖 + 𝒂 𝟏 − 𝒖 = 𝝀𝒇(𝒖); (𝟎, 𝟏)

−𝒖′(𝟎) + 𝜸 𝝀𝒈(𝒖(𝟎))𝒖(𝟎) = 𝟎1

𝒖′(𝟏) + 𝜸 𝝀𝒈(𝒖(𝟏))𝒖(𝟏) = 𝟎

𝒈 𝒖 =
𝟏 − 𝜶 𝒖

𝜶 𝒖

𝒂 ∈ (𝟎, 𝟏)

0 1
Allee Effect Growth Term
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Emigration Types
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−𝒖′′ = 𝝀𝒇(𝒖); (𝟎, 𝟏)

−𝒖′(𝟎) + 𝜸 𝝀𝒈(𝒖(𝟎))𝒖(𝟎) = 𝟎1

𝒖′(𝟏) + 𝜸 𝝀𝒈(𝒖(𝟏))𝒖(𝟏) = 𝟎

❑ 𝝀 =
𝟏

𝟐
𝒒𝟏׬
𝝆 𝒅𝒔

𝑭 𝝆 −𝑭 𝒔
+ 𝒒𝟐׬

𝝆 𝒅𝒔

𝑭 𝝆 −𝑭 𝒔

𝟐

❑ 𝟐 𝑭 𝝆 − 𝑭 𝒒𝟏 = 𝜸𝟐𝒒𝟏
𝟐 𝒈(𝒒𝟏)

𝟐

❑ 𝟐 𝑭 𝝆 − 𝑭 𝒒𝟐 = 𝜸𝟐𝒒𝟐
𝟐 𝒈(𝒒𝟐)

𝟐

𝑡0 =

𝒒𝟏׬
𝝆 𝒅𝒔

𝑭 𝝆 − 𝑭 𝒔

𝒒𝟏׬
𝝆 𝒅𝒔

𝑭 𝝆 − 𝑭 𝒔
+ 𝒒𝟐׬

𝝆 𝒅𝒔

𝑭 𝝆 − 𝑭 𝒔

Theorem 1: has a positive solution 𝒖 such that 𝒖 𝒕𝟎 = 𝒖 ∞ = 𝝆, 𝒖 𝟎 =
𝒒𝟏, 𝒖 𝟏 = 𝒒𝟐, with 𝟎 < 𝒒𝟏, 𝒒𝟐 < 𝝆 iff 𝝀, 𝝆, 𝒒𝟏, and 𝒒𝟐 satisfy:

1

Main Theorem

(**)

(*)

𝑭 𝒔 = න

𝟎

𝒔
𝟏

𝒂
𝒛(𝒛 + 𝒂)(𝟏 − 𝒛)𝒅𝒛
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−
𝒖′ 𝟐

𝟐
= 𝝀𝑭 𝒖 + 𝑪

Multiplying both side of           by 𝒖′ and integrating    

−𝒖′′𝒖′ = 𝝀𝒇 𝒖 𝒖′

Further integrating 

න
𝟎

𝒙 𝒖′(𝒔)

𝑭 𝝆 − 𝑭 𝒖(𝒔)
𝒅𝒔 = 𝟐𝝀𝒙; 𝒙 ∈ (𝟎, 𝒕𝟎)

−න
𝒙

𝟏 𝒖′(𝒔)

𝑭 𝝆 − 𝑭 𝒔
𝒅𝒔 = 𝟐𝝀 𝟏 − 𝒙 ; 𝒙 ∈ (𝒕𝟎, 𝟏)

න
𝒒𝟏

𝒖(𝒙) 𝒅𝒗

𝑭 𝝆 − 𝑭 𝒗
= 𝟐𝝀 𝒙; 𝒙 ∈ (𝟎, 𝒕𝟎)

න
𝒒𝟐

𝒖(𝒙) 𝒅𝒗

𝑭 𝝆 − 𝑭 𝒗
= 𝟐𝝀 𝟏 − 𝒙 ; 𝒙 ∈ (𝒕𝟎, 𝟏)

Substituting 𝒗 = 𝒖(𝒔)

𝑭 𝒔 = න

𝟎

𝒔
𝟏

𝒂
𝒛(𝒛 + 𝒂)(𝟏 − 𝒛)𝒅𝒛 𝒖 𝒕𝟎 = 𝝆 𝑪 = 𝝀𝑭(𝝆)

𝒖′ 𝒕 = 𝟐𝝀 [𝑭 𝝆 − 𝝀𝑭 𝒖 𝒕 ] ; t∈ (𝟎, 𝒕𝟎)

Let 𝒖 be a solution of such that 𝒖 𝒕𝟎 = 𝒖 ∞ = 𝝆,𝒖 𝟎 = 𝒒𝟏, 𝒖 𝟏 = 𝒒𝟐

𝒖′ 𝒕 = − 𝟐𝝀 [𝑭 𝝆 − 𝝀𝑭 𝒖 𝒕 ] ; t∈ (𝒕𝟎, 𝟏)
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න
𝒒𝟏

𝝆 𝒅𝒗

𝑭 𝝆 − 𝑭 𝒗
= 𝟐𝝀𝒕𝟎

න
𝒒𝟐

𝝆 𝒅𝒗

𝑭 𝝆 − 𝑭 𝒗
= 𝟐𝝀 𝟏 − 𝒕𝟎

Taking 𝒙 → 𝒕𝟎

න
𝒒𝟏

𝒖(𝒙) 𝒅𝒗

𝑭 𝝆 − 𝑭 𝒗
= 𝟐𝝀 𝒙; 𝒙 ∈ (𝟎, 𝒕𝟎)

න
𝒒𝟐

𝒖(𝒙) 𝒅𝒗

𝑭 𝝆 − 𝑭 𝒗
= 𝟐𝝀 𝟏 − 𝒙 ; 𝒙 ∈ (𝒕𝟎, 𝟏)

𝝀 =
𝟏

𝟐
න
𝒒𝟏

𝝆 𝒅𝒔

𝑭 𝝆 − 𝑭 𝒔
+න

𝒒𝟐

𝝆 𝒅𝒔

𝑭 𝝆 − 𝑭 𝒔

𝟐

𝒕𝟎 =

𝒒𝟏׬
𝝆 𝒅𝒔

𝑭 𝝆 − 𝑭 𝒔

𝒒𝟏׬
𝝆 𝒅𝒔

𝑭 𝝆 − 𝑭 𝒔
+ 𝒒𝟐׬

𝝆 𝒅𝒔

𝑭 𝝆 − 𝑭 𝒔

Activity 1: Prove the reverse direction with the help of implicit function Theorem.

Suppose 𝝀, 𝝆, 𝒒𝟏, and 𝒒𝟐 satisfy: has a positive solution 𝒖 with 

𝒖 𝒕𝟎 = 𝒖 ∞ = 𝝆, 𝒖 𝟎 = 𝒒𝟏, 𝒖 𝟏 = 𝒒𝟐

Define 𝒖
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How to Compute Numerical Bifurcation Diagrams

𝝆𝟏 𝝆𝟐 𝝆𝒏 𝟏𝟎

(**)

(*)

𝛾

𝒇 𝒖 =
𝟏

𝒂
𝒖 𝒖 + 𝒂 𝟏 − 𝒖
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Activity 2:
❑ 𝝀 =

𝟏

𝟐
𝒒𝟏׬
𝝆 𝒅𝒔

𝑭 𝝆 −𝑭 𝒔
+ 𝒒𝟐׬

𝝆 𝒅𝒔

𝑭 𝝆 −𝑭 𝒔

𝟐

❑ 𝟐 𝑭 𝝆 − 𝑭 𝒒𝟏 = 𝜸𝟐𝒒𝟏
𝟐 𝒈(𝒒𝟏)

𝟐

❑ 𝟐 𝑭 𝝆 − 𝑭 𝒒𝟐 = 𝜸𝟐𝒒𝟐
𝟐 𝒈(𝒒𝟐)

𝟐

(**)

(*)

𝜌

𝒇 𝒖 =
𝟏

𝒂
𝒖 𝒖 + 𝒂 𝟏 − 𝒖 ; 𝒂 = 𝟎. 𝟓, 𝒈 𝒖 = 𝟏 𝑭 𝒔 = න

𝟎

𝒔

𝒛(𝟏 − 𝒛)𝒅𝒛
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−𝒖′′ = 𝝀𝒇(𝒖); (𝟎, 𝟏)
−𝒖′(𝟎) + 𝜸 𝝀𝒈(𝒖(𝟎))𝒖(𝟎) = 𝟎1

𝒖′(𝟏) + 𝜸 𝝀𝒈(𝒖(𝟏))𝒖(𝟏) = 𝟎

𝒇 𝒖 =
𝟏

𝒂
𝒖 𝒖 + 𝒂 𝟏 − 𝒖 𝑬𝟏(𝜸) is the P.E.V. of:

Computational Results

−𝒗′′ = 𝑬𝒗; (𝟎, 𝟏)

−𝒗′(𝟎) + 𝜸 𝑬𝒗(𝟎) = 𝟎

𝒗′(𝟏) + 𝜸 𝑬𝒗(𝟏) = 𝟎

𝑬𝟏 − 𝝀𝒎 = Allee effect region length

𝒈 𝒖 =
𝟏 − 𝜶 𝒖

𝜶 𝒖

Can a DDE eliminate

an Allee effect

Activity 3: Prove that 𝑬𝟏 𝜸 = 𝟒
𝝅

𝟐
− 𝒕𝒂𝒏−𝟏 𝜸

𝟐

𝜌 𝜌
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Yes

𝟏 − 𝜶 𝒖 =
𝑴𝟏 + 𝒖𝟐

𝟐𝑴𝟏 + 𝒖𝟐
A +DDE can counteract a patch-level Allee effect

𝜸 = 𝟎. 𝟔 and 𝒂 = 𝟎. 𝟕𝟓

𝟏
−
𝜶
𝒖

𝜌
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Allee effect region on the 𝜸 −𝑴𝟏 plane

𝟏 − 𝜶 𝒖 =
𝑴𝟏 + 𝒖𝟐

𝟐𝑴𝟏 + 𝒖𝟐

𝟏
−
𝜶
𝒖

𝜌
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Stability Results for 1

Theorem 2: The trivial solution of           is asymptotically stable if 𝝀 <
𝑬𝟏(𝜸) and it is unstable if 𝝀 > 𝑬𝟏 𝜸 .

1

𝑬𝟏(𝜸) is the P.E.V. of:

−𝒗′′ = 𝑬𝒗; (𝟎, 𝟏)

−𝒗′(𝟎) + 𝜸 𝑬𝒈 𝟎 𝒗(𝟎) = 𝟎

𝒗′(𝟏) + 𝜸 𝑬𝒈 𝟎 𝒗(𝟏) = 𝟎

−𝒖′′ = 𝝀𝒇(𝒖); (𝟎, 𝟏)
−𝒖′(𝟎) + 𝜸 𝝀𝒈(𝒖(𝟎))𝒖(𝟎) = 𝟎1

𝒖′(𝟏) + 𝜸 𝝀𝒈(𝒖(𝟏))𝒖(𝟏) = 𝟎

𝒈 𝒖 =
𝟏 − 𝜶 𝒖

𝜶 𝒖

𝑬𝟏(𝜸)
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