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Pros

• Direct

• Elegant: No guessing whatsoever

• Dynamic point of view

• No “leap” between first order and second order ODE

• Uniqueness



Cons

• No Wronskian 

• No discussion of linear independence

• Hard to generalize to variable coefficients

• Complex roots case is awkward
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𝑧′ + 𝑧 = 5𝑒4𝑡

𝑒𝑡𝑧′ + 𝑒𝑡𝑧 = 5 𝑒𝑡 𝑒4𝑡

(𝑒𝑡𝑧)′ = 5 𝑒5𝑡

𝑒𝑡𝑧 = 𝑒5𝑡 + 𝐴

Inhomogeneous Equations



𝐷 + 𝐼 𝑧 = 5𝑒4𝑡

𝑧′ + 𝑧 = 5𝑒4𝑡

𝑒𝑡𝑧′ + 𝑒𝑡𝑧 = 5 𝑒𝑡 𝑒4𝑡

(𝑒𝑡𝑧)′ = 5 𝑒5𝑡

𝑒𝑡𝑧 = 𝑒5𝑡 + 𝐴

𝑧 = 𝑒4𝑡 + 𝐴𝑒−𝑡

Inhomogeneous Equations



𝑦′ − 4𝑦 = 𝑒4𝑡 + 𝐴 𝑒−𝑡

Inhomogeneous Equations



𝑦′ − 4𝑦 = 𝑒4𝑡 + 𝐴 𝑒−𝑡

𝑒−4𝑡𝑦′ − 4 𝑒−4𝑡𝑦 = 𝑒−4𝑡 𝑒4𝑡 + 𝐴 𝑒−𝑡

Inhomogeneous Equations



(𝑒−4𝑡𝑦)′ = 1 + 𝐴𝑒−5𝑡

𝑦′ − 4𝑦 = 𝑒4𝑡 + 𝐴 𝑒−𝑡

𝑒−4𝑡𝑦′ − 4 𝑒−4𝑡𝑦 = 𝑒−4𝑡 𝑒4𝑡 + 𝐴 𝑒−𝑡

Inhomogeneous Equations



(𝑒−4𝑡𝑦)′ = 1 + 𝐴𝑒−5𝑡

𝑒−4𝑡𝑦 = 𝑡 −
𝐴

5
𝑒−5𝑡 + 𝐵

𝑦′ − 4𝑦 = 𝑒4𝑡 + 𝐴 𝑒−𝑡

𝑒−4𝑡𝑦′ − 4 𝑒−4𝑡𝑦 = 𝑒−4𝑡 𝑒4𝑡 + 𝐴 𝑒−𝑡

Inhomogeneous Equations



(𝑒−4𝑡𝑦)′ = 1 + 𝐴𝑒−5𝑡

𝑒−4𝑡𝑦 = 𝑡 −
𝐴

5
𝑒−5𝑡 + 𝐵

𝑦 = 𝑡 𝑒4𝑡 −
𝐴

5
𝑒𝑡 + 𝐵 𝑒4𝑡

𝑦′ − 4𝑦 = 𝑒4𝑡 + 𝐴 𝑒−𝑡

𝑒−4𝑡𝑦′ − 4 𝑒−4𝑡𝑦 = 𝑒−4𝑡 𝑒4𝑡 + 𝐴 𝑒−𝑡

Inhomogeneous Equations



Inhomogeneous Equations

𝑦′′ − 3𝑦′ − 4𝑦 = 5𝑒4𝑡 



𝑦 = 𝐴 𝑒𝑡 + 𝐵 𝑒4𝑡 +  𝑡 𝑒4𝑡

Inhomogeneous Equations

𝑦′′ − 3𝑦′ − 4𝑦 = 5𝑒4𝑡 



Systems

𝐱′′ − 5𝐴𝐱′ + 6𝐴2𝐱 = 𝟎 



Systems

𝐱′′ − 5𝐴𝐱′ + 6𝐴2𝐱 = 𝟎 

𝐷2𝐱 − 5𝐴 𝐷𝐱 + 6𝐴2𝐱 = 0



Systems

𝐱′′ − 5𝐴𝐱′ + 6𝐴2𝐱 = 𝟎 

𝐷2𝐱 − 5𝐴 𝐷𝐱 + 6𝐴2𝐱 = 0

𝐷2 − 5𝐴𝐷 + 6𝐴2 𝐱 = 0



Systems

𝐱′′ − 5𝐴𝐱′ + 6𝐴2𝐱 = 𝟎 

𝐷2𝐱 − 5𝐴 𝐷𝐱 + 6𝐴2𝐱 = 0

𝐷2 − 5𝐴𝐷 + 6𝐴2 𝐱 = 0

𝐷 − 2𝐴 𝐷 − 3𝐴 𝐱 = 0



Systems

𝐱′′ − 5𝐴𝐱′ + 6𝐴2𝐱 = 𝟎 

𝐷2𝐱 − 5𝐴 𝐷𝐱 + 6𝐴2𝐱 = 0

𝐷2 − 5𝐴𝐷 + 6𝐴2 𝐱 = 0

𝐷 − 2𝐴 𝐷 − 3𝐴 𝐱 = 0}
𝒛



𝐷 − 2𝐴 𝒛 = 𝟎

Systems



𝐷 − 2𝐴 𝒛 = 𝟎

𝒛′ − 2𝐴𝒛 = 𝟎

Systems



𝐷 − 2𝐴 𝒛 = 𝟎

𝒛′ − 2𝐴𝒛 = 𝟎

𝒛 = 𝑒2𝐴𝑡𝑪

Systems



𝐷 − 2𝐴 𝒛 = 𝟎

𝒛′ − 2𝐴𝒛 = 𝟎

𝒛 = 𝑒2𝐴𝑡𝑪

𝐷 − 3𝐴 𝐱 = 𝑒2𝐴𝑡𝑪

Systems



𝐷 − 2𝐴 𝒛 = 𝟎

𝒛′ − 2𝐴𝒛 = 𝟎

𝒛 = 𝑒2𝐴𝑡𝑪

𝐷 − 3𝐴 𝐱 = 𝑒2𝐴𝑡𝑪

𝐱′ − 3𝐴𝐱 = 𝑒2𝐴𝑡𝑪

Systems



𝑒−3𝐴𝑡𝐱′ − 3𝑒−3𝐴𝑡𝐱 = 𝑒−3𝐴𝑡𝑒2𝐴𝑡𝑪

Systems



𝑒−3𝐴𝑡𝐱′ − 3𝑒−3𝐴𝑡𝐱 = 𝑒−3𝐴𝑡𝑒2𝐴𝑡𝑪

𝑒−3𝐴𝑡𝐱
′

= 𝑒−𝐴𝑡𝑪

Systems



𝑒−3𝐴𝑡𝐱′ − 3𝑒−3𝐴𝑡𝐱 = 𝑒−3𝐴𝑡𝑒2𝐴𝑡𝑪

𝑒−3𝐴𝑡𝐱
′

= 𝑒−𝐴𝑡𝑪

𝑒−3𝐴𝑡𝐱 = ∫ 𝑒−𝐴𝑡𝑪 𝑑𝑡

Systems



𝑒−3𝐴𝑡𝐱′ − 3𝑒−3𝐴𝑡𝐱 = 𝑒−3𝐴𝑡𝑒2𝐴𝑡𝑪

𝑒−3𝐴𝑡𝐱
′

= 𝑒−𝐴𝑡𝑪

𝑒−3𝐴𝑡𝐱 = ∫ 𝑒−𝐴𝑡𝑪 𝑑𝑡

𝑒−3𝐴𝑡𝐱 = −𝐴−1𝑒−𝐴𝑡𝑪 + 𝑫

Systems



𝑒−3𝐴𝑡𝐱′ − 3𝑒−3𝐴𝑡𝐱 = 𝑒−3𝐴𝑡𝑒2𝐴𝑡𝑪

𝑒−3𝐴𝑡𝐱
′

= 𝑒−𝐴𝑡𝑪

𝑒−3𝐴𝑡𝐱 = ∫ 𝑒−𝐴𝑡𝑪 𝑑𝑡

𝑒−3𝐴𝑡𝐱 = −𝐴−1𝑒−𝐴𝑡𝑪 + 𝑫

𝐱 = 𝑒3𝐴𝑡(−𝐴−1𝑒−𝐴𝑡𝑪 + 𝑫)

Systems



𝑒−3𝐴𝑡𝐱′ − 3𝑒−3𝐴𝑡𝐱 = 𝑒−3𝐴𝑡𝑒2𝐴𝑡𝑪

𝑒−3𝐴𝑡𝐱
′

= 𝑒−𝐴𝑡𝑪

𝑒−3𝐴𝑡𝐱 = ∫ 𝑒−𝐴𝑡𝑪 𝑑𝑡

𝑒−3𝐴𝑡𝐱 = −𝐴−1𝑒−𝐴𝑡𝑪 + 𝑫

𝐱 = 𝑒3𝐴𝑡(−𝐴−1𝑒−𝐴𝑡𝑪 + 𝑫)

𝐱 =  𝑒2𝐴𝑡(−𝐴−1𝑪) + 𝑒3𝐴𝑡𝑫

Systems



Systems

𝐱′′ − 5𝐴𝐱′ + 6𝐴2𝐱 = 𝟎 



Systems

𝐱′′ − 5𝐴𝐱′ + 6𝐴2𝐱 = 𝟎 

𝐱 =  𝑒2𝐴𝑡𝑪 + 𝑒3𝐴𝑡𝑫



𝐷 − 3𝐴 𝐷 − 2𝐵 𝐱 = 𝟎

• If A is not invertible, use Jordan form

Tricky because matrix exponentials don’t necessarily commute

Remarks

• What if you had:



𝐱′′ + 𝐴2𝐱 = 𝟎

Matrix cosine



𝐱′′ + 𝐴2𝐱 = 𝟎

𝐱 = cos 𝐴𝑡 𝐂 + sin 𝐴𝑡 𝑫

Matrix cosine



PDE

𝑢𝑡𝑡 = 𝑐2𝑢𝑥𝑥



PDE

𝜕

𝜕𝑡
𝑢 = 𝑢𝑡 

𝑢𝑡𝑡 = 𝑐2𝑢𝑥𝑥



PDE

𝜕

𝜕𝑡
𝑢 = 𝑢𝑡 

𝑢𝑡𝑡 = 𝑐2𝑢𝑥𝑥

𝜕

𝜕𝑡

2
𝑢 = 𝑢𝑡𝑡 



PDE

𝜕

𝜕𝑡
𝑢 = 𝑢𝑡 

𝑢𝑡𝑡 = 𝑐2𝑢𝑥𝑥

𝜕

𝜕𝑡

2
𝑢 = 𝑢𝑡𝑡 

𝜕

𝜕𝑥
𝑢 = 𝑢𝑥 

𝜕

𝜕𝑥

2
𝑢 = 𝑢𝑥𝑥 



𝑢𝑡𝑡 − 𝑐2𝑢𝑥𝑥 = 0

PDE



𝑢𝑡𝑡 − 𝑐2𝑢𝑥𝑥 = 0

[
𝜕

𝜕𝑡

2
− 𝑐2 𝜕

𝜕𝑥

2
]𝑢 = 0

PDE



𝑢𝑡𝑡 − 𝑐2𝑢𝑥𝑥 = 0

[
𝜕

𝜕𝑡

2
− 𝑐2 𝜕

𝜕𝑥

2
]𝑢 = 0

𝜕

𝜕𝑡
 − 𝑐

𝜕

𝜕𝑥

𝜕

𝜕𝑡
+ 𝑐

𝜕

𝜕𝑥
𝑢 = 0

PDE



𝑢𝑡𝑡 − 𝑐2𝑢𝑥𝑥 = 0

[
𝜕

𝜕𝑡

2
− 𝑐2 𝜕

𝜕𝑥

2
]𝑢 = 0

𝜕

𝜕𝑡
 − 𝑐

𝜕

𝜕𝑥

𝜕

𝜕𝑡
+ 𝑐

𝜕

𝜕𝑥
𝑢 = 0}

𝑣

PDE



𝜕

𝜕𝑡
 − 𝑐

𝜕

𝜕𝑥
𝑣 = 0PDE



𝜕

𝜕𝑡
 − 𝑐

𝜕

𝜕𝑥
𝑣 = 0

𝑣𝑡 − 𝑐 𝑣𝑥 = 0

PDE



𝜕

𝜕𝑡
 − 𝑐

𝜕

𝜕𝑥
𝑣 = 0

𝑣𝑡 − 𝑐 𝑣𝑥 = 0

𝑣 𝑥, 𝑡 = 𝑓 𝑥 + 𝑐𝑡

PDE



𝜕

𝜕𝑡
 − 𝑐

𝜕

𝜕𝑥
𝑣 = 0

𝑣𝑡 − 𝑐 𝑣𝑥 = 0

𝑣 𝑥, 𝑡 = 𝑓 𝑥 + 𝑐𝑡

𝜕

𝜕𝑡
+ 𝑐

𝜕

𝜕𝑥
𝑢 = 𝑓(𝑥 + 𝑐𝑡)

PDE



𝜕

𝜕𝑡
 − 𝑐

𝜕

𝜕𝑥
𝑣 = 0

𝑣𝑡 − 𝑐 𝑣𝑥 = 0

𝑣 𝑥, 𝑡 = 𝑓 𝑥 + 𝑐𝑡

𝜕

𝜕𝑡
+ 𝑐

𝜕

𝜕𝑥
𝑢 = 𝑓(𝑥 + 𝑐𝑡)

𝑢 𝑥, 𝑡 = 𝐹 𝑥 + 𝑐𝑡 + 𝐺(𝑥 − 𝑐𝑡)

PDE



PDE

𝑢𝑡𝑡 = 𝑐2𝑢𝑥𝑥



PDE

𝑢𝑡𝑡 = 𝑐2𝑢𝑥𝑥

𝑢 𝑥, 𝑡 = 𝐹 𝑥 + 𝑐𝑡 + 𝐺 𝑥 − 𝑐𝑡





Dr Peyam



Thank you!!!
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