Estimating Tree Heights: Right Triangle Trigonometry
Introduction
Scientists studying a forest ecosystem over a long period of time may record measurements of trees for a number of variables, including each tree's diameter at breast height, height of the lowest living branch, canopy cover, etc. One aspect of a tree's growth that can be hard to measure is tree height. Forest researchers sometimes use a piece of equipment consisting of telescoping components, which are extended until the tip reaches the same height as the tree top (this requires a second researcher standing at a distance from the tree to determine when the tip is at the correct height). This method can be cumbersome, as the equipment is bulky and the measurements require two people.
Importance
The measurement of tree growth in a forest over time provides important information about the dynamics of that ecosystem. Growth rates can reflect, among other things, differing availability of water, carbohydrates, or nutrients in different sites or from season to season or year to year.
Questions
Is there an efficient way to measure tree height, without heavy equipment and multiple people?
Variables
	q
	an acute angle of a right triangle

	x
	side of a triangle adjacent to the angle q

	y
	side of a triangle opposite the angle q

	z
	the hypotenuse of a triangle



Methods
Trigonometry is a branch of mathematics dealing with measurements of the angles and sides of triangles, and functions based on these measurements. The three basic trigonometric functions that we are concerned with here (sine, cosine, and tangent) are ratios of the lengths of two sides of a triangle. These ratios are the trigonometric functions of an angle, theta, such that
	
	LaTeX Code: \[ \sin{\theta} = \frac{opp}{hyp} \]

	
	LaTeX Code: \[ \cos{\theta} = \frac{adj}{hyp} \]

	
	LaTeX Code: \[ \tan{\theta} = \frac{opp}{adj} \]


where  (theta) is the angle of interest, "opp" is the length of the side of the triangle opposite  (y), "hyp" is the length of the hypotenuse (z), and "adj" is the length of the side adjacent to the angle  (x), as illustrated on the triangle below.
[image: http://www.tiem.utk.edu/~gross/bioed/bealsmodules/triangle1.gif]
If we know the lengths of two sides of a right triangle (recall from geometry that a right triangle has one angle that is 90 degrees [a right angle]), we can calculate the length of the third side using the Pythagorean theorem (opp2 + adj2 = hyp2, or y2 + x2 = z2). For the triangle below, the side opposite  is three units in length, and the side adjacent to  is 1.5 units in length.
[image: http://www.tiem.utk.edu/~gross/bioed/bealsmodules/triangle2.gif]
The length of the hypotenuse is calculated 32 + 1.52 = hyp2 =11.25. Taking the square root of 11.25, we find that the hypotenuse is approximately 3.35 units long. We now know the lengths of each of the sides of the triangle, and can use these to find values for the trigonometric functions:
	
	LaTeX Code: \[ \sin{\theta} = \frac{3}{3.35} = 0.896 \]

	
	LaTeX Code: \[ \cos{\theta} = \frac{1.5}{3.35} = 0.448 \]

	
	LaTeX Code: \[ \tan{\theta} = \frac{3}{1.5} = 2 \]


But what can we do with this information? Well, for one thing we can use it to find  by taking the inverse of any of the functions (for our purposes here can do this using a calculator). Doing this we see that  is an angle of approximately 63.4 degrees.
The drawing below shows a forester measuring a tree's height using trigonometry. Assuming that the tree is at a right angle to the plane on which the forester is standing, the base of the tree, the top of the tree, and the forester form the vertices (or corners) of a right triangle. The forester measures his or her distance from the base of the tree, and then uses a clinometer (a small instrument that measures inclination, or angle of elevation) to look at the top of the tree and determine .
[image: http://www.tiem.utk.edu/~gross/bioed/bealsmodules/triangle3.gif]
Interpretation
In this situation, rather than knowing the lengths of all of the sides, we know  and the length of the adjacent side (x) and are interested in determining the length of the opposite side (y, the height of the tree). Which of the three trigonometric functions deals with the adjacent and opposite sides?
	
	LaTeX Code: \[ \tan{\theta} = \frac{opp}{adj} = \frac{y}{x} \]


We know , and we know "adj" (or x); multiplying both sides of the equation by "adj" or x and substituting our known values, we get
	
	LaTeX Code: \[ x \tan{\theta} = y = 71 (31.8^{\circ}) \approx 44 \]


The tree is approximately 44 feet tall.
Conclusion
Trigonometry has many real-world applications. In the example here, it can be used so that forest researchers don't have to carry around additional equipment and are able to collect the necessary information for calculating tree heights quickly and efficiently in the field.
Additional Questions
1) You know from your geometry class that all the angles of a triangle must sum to 180 degrees. Therefore, the third angle from the tree and forester triangle must be (180 degrees - 90 degrees - 31.8 degrees) = 58.2 degrees. Verify this using the three trigonometric functions (note that for this angle, y is the adjacent side and x is the opposite side).
2) What would the angle of elevation (q) be if the tree was 100 ft. tall?
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