Checking the Beer Paper with Mathematica: Question 5
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Department of Mathematical Sciences
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Muncie, IN 47306 USA

Run this command once per experiment to clear out model solution variables

stored in memory.

n1:= Clear [solution, bubbledata]

Enter parameters in model.

2= ppeer = 1.010 % 10%;
g =9.807;
R = 8.3145;
P=1.013%10%;
Mco2 = 4.401 % 1072;
n=1.3%x1073;
T=281;
k=7.5%1073;

Solve the system of ordinary differential equations (ODE) with initial data

numerically.
no= Clear [k, d]

mni1= solution[k_, d_] := NDSoIve[

3xn[t] *xR*T 2/3
{n'[t] ==4*7r*k*[ )

4 %7wx (P-0*ppeer *» X[L])
xT[t] =y[t],
yT[t] =
Obeer * R* T 1 dxy[t] 3xn[t] *xR*T 2/3
*(mCOZ*(P‘g*pbeer*X[t]) ] [ J*(
X[0] = -0.156,
y[0] == 0O,
n[oj ==9*1o-1°},

Mcoz * N[t] 4% 5% (P-0*ppeer * X[T])

X, vy, n}, {t, 5}];
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In[12]:=

out[12]=

In[13]:=

out[13]=

In[14]:=

In[15]:=

In[16]:=

Out[16]=

In[17]:=

solution[2 « 1073, 260]

{{X - InterpolatingFunction[{{0., 5.}}, <>],
y - InterpolatingFunction[{{0., 5.1}, <>],
n —» InterpolatingFunction[{{0., 5.1}, <>]1}

solution[2+ 1072, 260] [[1]]

{x - InterpolatingFunction[{{0., 5.}}, <>],
y - InterpolatingFunction[{{0., 5.}}, <>],
n - InterpolatingFunction[{{0., 5.}}, <>]}

Use the solution to the system of ODE to find bubble radius at each time

increment and display bubble data in a table.

3xn[t] *xR*T 1/3_

r[it =
[l 4% 7% (P-0*ppeer * X[T])

bubbledata[k_, d_] := Table[
Evaluate[{t, 100 » x[t], r[t] /r[0]1} /. solution[k, d][[1]]1], {t, O, 3.78, 0.54}1;
bubbledata[2 « 1073, 260]

({0., -15.6, 1.}, (0.54, -14.0351, 1.1453}, {1.08, -12.258, 1.29098},
(1.62, -10.2679, 1.43712}, (2.16, -8.06435, 1.58375)},
(2.7, -5.64642, 1.73093}, (3.24, -3.01333, 1.8787}, {3.78, -0.164137, 2.02714}}

TableForm [bubbledata[z %1073, 260],

radius

TableHeadings - J{None, {"time (sec)', "depth (cm)", " tial radius"}}]

Out[17])//TableForm=

In[18]:=

- radi
time (sec) depth (cm) m“ﬁ%
0. -15.6 1.

0.54 -14.0351 1.1453

1.08 -12.258 1.29098
1.62 -10.2679 1.43712
2.16 -8.06435 1.58375
2.7 -5.64642 1.73093
3.24 -3.01333 1.8787

3.78 -0.164137 2.02714

Make a list of the actual data values, with {time, depth, and radius/initial radius} for each time t = 0, 0.54,
..., 3.78 seconds.

actualdata =
{{0, -15.6, 1}, {0.54, -14.4, 1.15}, {1.08, -12.2, 1.29}, {1.62, -10.4, 1.44},
{2.16, -8.6, 1.58}, {2.70, -6.0, 1.73}, {3.24, -3.2,1.88}, {3.78, 0, 2.03}};

Error[k,d] finds the sum of the square errors (SSE) between model's bubble depth and measured bubble
depth, as a function of the parameters k and d .
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npo= Error[k_, d_] :=
Sum[ (bubbledata[k, d][[i, 2]] - actualdata[[i, 2]1]) "2, {i, 1, Length[actualdata]}]

nzo= Error[0.002, 260]
outz0)= 0.627665

Study the SSE for values of k and d near k = 0.002 moles - m™2 - s™tand d = 260 N - sec - m~ graphi-
cally using Plot and Plot3D - it looks like there may be smaller SSE different choices of k and d!

n21= Plot[Error [k, 260], {k, 0.001, 0.003}]

15+~

10

out[21]=

0.0015 0.0020 0.0025 0.0030

nz2:= Plot [Error[0.002, d], {d, 200, 300}]

60
s0f
out[22]= 30:
0f

10F

220 240 260 280 300
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nz3= Plot3D[Error [k, d], {k, 0.0001, 0.005}, {d, 200, 300}, PlotRange - All]

400
out[23]= 300§
200

100 |

0,000

Make a table of SSE values for choices of k and d, for k between 0.001 and 0.003 moles - m™2 - s

0.002

0.004

200

1300

steps of 0.0001 and for d between 255 and 275 N - sec - m~2 in steps of 1.

n24i= ErrorData = Partition[
Flatten[Table[{k, d, Error[k, d1}, {k, 0.001, 0.003, 0.0001}, {d, 255, 275, 1}]1], 3]

outzal= { {0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.
{0.

001, 255, 9.53067}, {O.

001, 258, 10.9691}, (0

001, 261, 12.4925}, {O.

001, 264, 14.0941}, (O

001, 267, 15.7673}, {O.

001, 270, 17.5063}, (O

001, 273, 19.3056}, (0.
0011, 255, 7.46069}, {0.0011, 256, 7.87781}, {0.0011, 257, 8.30582},
0011, 258, 8.74438}, {0.0011, 259, 9.19323}, {0.0011, 260, 9.65209},
0011, 261, 10.1228}, {0.0011, 262, 10.6009}, {0.0011, 263, 11.0883},
0011, 264, 11.5846}, {0.0011, 265, 12.0897}, {0.0011, 266, 12.6032},
0011, 267, 13.125}, {0.0011, 268, 13.6549}, (0.0011, 269, 14.1914},
0011, 270, 14.7376}, {0.0011, 271, 15.2895}, {O.
0011, 273, 16.4159}, {0.0011, 274, 16.9894}, {O.
0012, 255, 5.66829}, {0.0012, 256, 6.03091}, {O.
0012, 258, 6.79116}, {0.0012, 259, 7.18817}, {O.
0012, 261, 8.01455}, {0.0012, 262, 8.44333}, (0.
0012, 264, 9.33075}, {0.0012, 265, 9.78885}, (0.
0012, 267, 10.7326}, {0.0012, 268, 11.2177}, {O.
0012, 270, 12.2134}, {0.0012, 271, 12.7235}, {O.

001, 256, 10.
.001, 259, 11.
001, 262, 13.
.001, 265, 14.
001, 268, 16.
.001, 271, 18.
001, 274, 19.

0002}, {0.001, 257, 10.4798},
4678}, {0.001, 260, 11.9757},
018}, {0.001, 263, 13.5519},
6442}, {0.001, 266, 15.202},
34}, {0.001, 269, 16.9197},
0997}, {0.001, 272, 18.6995},
9178}, {0.001, 275, 20.536,

0012, 273, 13.767}, {0.0012, 274, 14.3}, {0.0012, 275, 14.8403},

0013, 255, 4.14872}, {0.0013, 256, 4.45465}, {0.0013, 257, 4.77328},
0013, 258, 5.10426}, {0.0013, 259, 5.44733}, {0.0013, 260, 5.80215},
0013, 261, 6.16838}, {0.0013, 262, 6.54581}, {0.0013, 263, 6.93411},
0013, 264, 7.33301}, {0.0013, 265, 7.74223}, {0.0013, 266, 8.1615},
0013, 267, 8.59057}, {0.0013, 268, 9.02917}, {0.0013, 269, 9.47706},
0013, 270, 9.934}, {0.0013, 271, 10.3998}, {0.0013, 272, 10.8741},

0011, 272, 15.8492},
0011, 275, 17.5695},
0012, 257, 6.4053},

0012, 260, 7.59606},
0012, 263, 8.88215},
0012, 266, 10.2562},
0012, 269, 11.7114},
0012, 272, 13.2414},
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0013, 273, 11.3568}, {0.0013, 274, 11.8479}, {0.0013, 275, 12.3466},

0014, 255, 2.90286}, {0.0014, 256, 3.14952}, {0.0014, 257, 3.41062},
0014, 258, 3.68429}, (0.0014, 259, 3.97145}, (0.0014, 260, 4.2711},
0014, 261, 4.58366}, {0.0014, 262, 4.90796}, {0.0014, 263, 5.24378},
0014, 264, 5.59104}, {0.0014, 265, 5.94944}, (0.0014, 266, 6.31872},
0014, 267, 6.69859}, {0.0014, 268, 7.08879}, {0.0014, 269, 7.48905},
0014, 270, 7.89911}, {0.0014, 271, 8.31874}, (0.0014, 272, 8.74768},
0014, 273, 9.1857}, {0.0014, 274, 9.63255}, {0.0014, 275, 10.088},
0015, 255, 1.93186}, {0.0015, 256, 2.11796}, {0.0015, 257, 2.31869},
0015, 258, 2.53327}, {0.0015, 259, 2.762}, {0.0015, 260, 3.00449},
0015, 261, 3.26093}, {0.0015, 262, 3.52965}, {0.0015, 263, 3.81098},
0015, 264, 4.10436}, {0.0015, 265, 4.41008}, {0.0015, 266, 4.72712},
0015, 267, 5.05642}, {0.0015, 268, 5.39597}, {0.0015, 269, 5.74668},
0015, 270, 6.10802}, {0.0015, 271, 6.47971}, {0.0015, 272, 6.86144},
0015, 273, 7.253), {0.0015, 274, 7.65376}, {0.0015, 275, 8.06422},
0016, 255, 1.23537}, {0.0016, 256, 1.3575}, {0.0016, 257, 1.49608},
0016, 258, 1.64994}, (0.0016, 259, 1.81869}, {0.0016, 260, 2.00198},
0016, 261, 2.19918}, {0.0016, 262, 2.41075}, {0.0016, 263, 2.63568},
0016, 264, 2.87341}, {0.0016, 265, 3.12474}, {0.0016, 266, 3.38828},
0016, 267, 3.66406}, {0.0016, 268, 3.95152}, {0.0016, 269, 4.25092},
0016, 270, 4.56172}, {0.0016, 271, 4.88363}, {0.0016, 272, 5.21596},
0016, 273, 5.55928}, {0.0016, 274, 5.91348}, {0.0016, 275, 6.27722},
0017, 255, 0.811676}, {0.0017, 256, 0.86928}, {0.0017, 257, 0.943575},
0017, 258, 1.03412}, {0.0017, 259, 1.14066}, {0.0017, 260, 1.26267},
0017, 261, 1.39948}, {0.0017, 262, 1.55223}, (0.0017, 263, 1.71764},
0017, 264, 1.89814}, {0.0017, 265, 2.09273}, {0.0017, 266, 2.30089},
0017, 267, 2.52117}, {0.0017, 268, 2.75491}, (0.0017, 269, 3.0011},
0017, 270, 3.2595}, {0.0017, 271, 3.52982}, {0.0017, 272, 3.81179},
0017, 273, 4.10512}, {0.0017, 274, 4.40954}, {0.0017, 275, 4.72479},
0018, 255, 0.663077}, {0.0018, 256, 0.653226}, {0.0018, 257, 0.661142},
0018, 258, 0.686518}, {0.0018, 259, 0.72842}, {0.0018, 260, 0.787392},
0018, 261, 0.862107}, {0.0018, 262, 0.952306}, {0.0018, 263, 1.05808 ,
0018, 264, 1.17957}, {0.0018, 265, 1.31529}, (0.0018, 266, 1.46537},
0018, 267, 1.6302}, {0.0018, 268, 1.80738}, {0.0018, 269, 1.99848},
0018, 270, 2.20189}, {0.0018, 271, 2.41893}, (0.0018, 272, 2.64772},
0018, 273, 2.88881}, {0.0018, 274, 3.14274}, {0.0018, 275, 3.4075},
0019, 255, 0.789206}, {0.0019, 256, 0.709492}, {0.0019, 257, 0.64856,
0019, 258, 0.606432}, {0.0019, 259, 0.582082}, {0.0019, 260, 0.575345},
0019, 261, 0.585955}, {0.0019, 262, 0.612856}, {0.0019, 263, 0.656378,
0019, 264, 0.715943}, {0.0019, 265, 0.791056}, {0.0019, 266, 0.88149} ,
0019, 267, 0.986852}, {0.0019, 268, 1.1068}, {0.0019, 269, 1.24038},
0019, 270, 1.38817}, {0.0019, 271, 1.54984}, {0.0019, 272, 1.72654},
0019, 273, 1.91382}, {0.0019, 274, 2.11468}, {0.0019, 275, 2.32762},
002, 255, 1.18971}, {0.002, 256, 1.03792}, {0.002, 257, 0.906926} ,

002, 258, 0.794724}, {0.002, 259, 0.701835}, {0.002, 260, 0.627665},
002, 261, 0.571534}, {0.002, 262, 0.533239}, {0.002, 263, 0.512362},
002, 264, 0.508391}, {0.002, 265, 0.521206}, {0.002, 266, 0.550026},
002, 267, 0.594609}, {0.002, 268, 0.655347}, {0.002, 269, 0.730817},
002, 270, 0.820712}, {0.002, 271, 0.925387}, (0.002, 272, 1.04425},
002, 273, 1.17694}, {0.002, 274, 1.32319}, {0.002, 275, 1.48237},

0021, 255, 1.86526}, {0.0021, 256, 1.63991}, {0.0021, 257, 1.43551},
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(0.0021, 258, 1.25131}, {0.0021, 259, 1.0875}, {0.0021, 260, 0.944135},
(0.0021, 261, 0.819451}, {0.0021, 262, 0.713688}, {0.0021, 263, 0.626329},
(0.0021, 264, 0.556836}, {0.0021, 265, 0.505115}, {0.0021, 266, 0.470584,
(0.0021, 267, 0.452789}, {0.0021, 268, 0.451491}, {0.0021, 269, 0.466221},
(0.0021, 270, 0.496736}, {0.0021, 271, 0.542659}, {0.0021, 272, 0.603403},
(0.0021, 273, 0.678893}, {0.0021, 274, 0.76888}, {0.0021, 275, 0.872995},
(0.0022, 255, 2.81198), {0.0022, 256, 2.5107}, {0.0022, 257, 2.23298},
(0.0022, 258, 1.9765}, {0.0022, 259, 1.7405}, {0.0022, 260, 1.52421},
(0.0022, 261, 1.32952}, {0.0022, 262, 1.1546}, {0.0022, 263, 0.998208},
(0.0022, 264, 0.861347}, {0.0022, 265, 0.743748}, {0.0022, 266, 0.643744},
(0.0022, 267, 0.561461}, {0.0022, 268, 0.496619}, {0.0022, 269, 0.448757},
(0.0022, 270, 0.417677}, {0.0022, 271, 0.402781}, {0.0022, 272, 0.403815},
(0.0022, 273, 0.420531}, {0.0022, 274, 0.452522}, {0.0022, 275, 0.499118} ,
(0.0023, 255, 4.03941}, {0.0023, 256, 3.65955}, {0.0023, 257, 3.30238},
(0.0023, 258, 2.96961), {0.0023, 259, 2.65857}, {0.0023, 260, 2.3695},
(0.0023, 261, 2.09964}, {0.0023, 262, 1.85394}, {0.0023, 263, 1.62931},
(0.0023, 264, 1.42255), {0.0023, 265, 1.23641}, {0.0023, 266, 1.06746},
(0.0023, 267, 0.919093}, {0.0023, 268, 0.789078}, {0.0023, 269, 0.677157},
({0.0023, 270, 0.582685}, {0.0023, 271, 0.505496}, {0.0023, 272, 0.445108},
(0.0023, 273, 0.401489}, {0.0023, 274, 0.373619}, {0.0023, 275, 0.361468,
(0.0024, 255, 5.53943), {0.0024, 256, 5.0792}, {0.0024, 257, 4.64358},
(0.0024, 258, 4.23255), {0.0024, 259, 3.84467}, {0.0024, 260, 3.4794},
(0.0024, 261, 3.13643), {0.0024, 262, 2.81544}, {0.0024, 263, 2.51669},
(0.0024, 264, 2.23959}, {0.0024, 265, 1.98356}, {0.0024, 266, 1.74665),
(0.0024, 267, 1.52982), {0.0024, 268, 1.33251}, {0.0024, 269, 1.15387},
(0.0024, 270, 0.99367}, {0.0024, 271, 0.852491}, {0.0024, 272, 0.727523},
(0.0024, 273, 0.621599}, {0.0024, 274, 0.531838}, {0.0024, 275, 0.459177},
(0.0025, 255, 7.3125}, {0.0025, 256, 6.76998}, {0.0025, 257, 6.25301},
(0.0025, 258, 5.76304), {0.0025, 259, 5.29551}, {0.0025, 260, 4.85178},
(0.0025, 261, 4.43402), {0.0025, 262, 4.0372}, {0.0025, 263, 3.66457},
(0.0025, 264, 3.31443), {0.0025, 265, 2.98396}, (0.0025, 266, 2.67777},
(0.0025, 267, 2.38965), {0.0025, 268, 2.12259}, {0.0025, 269, 1.87704},
(0.0025, 270, 1.64997}, {0.0025, 271, 1.44215}, {0.0025, 272, 1.25188},
(0.0025, 273, 1.08122}, {0.0025, 274, 0.928523}, {0.0025, 275, 0.794516} ,
(0.0026, 255, 9.36528), {0.0026, 256, 8.73955}, {0.0026, 257, 8.13849},
(0.0026, 258, 7.56269}, {0.0026, 259, 7.0153}, {0.0026, 260, 6.49046} ,
(0.0026, 261, 5.99576), {0.0026, 262, 5.5207}, {0.0026, 263, 5.07029},
(0.0026, 264, 4.64434), {0.0026, 265, 4.24193}, {0.0026, 266, 3.85996},
(0.0026, 267, 3.50098}, {0.0026, 268, 3.16299}, (0.0026, 269, 2.84467},
(0.0026, 270, 2.55056}, {0.0026, 271, 2.27545}, {0.0026, 272, 2.01975},
(0.0026, 273, 1.78184), {0.0026, 274, 1.56309}, {0.0026, 275, 1.3632},

{0.0027, 255, 11.6884}, {0.0027, 256, 10.9738}, {0.0027, 257, 10.2848},

(0.0027, 258, 9.62778), {0.0027, 259, 8.99659}, {0.0027, 260, 8.39206},
(0.0027, 261, 7.80978}, {0.0027, 262, 7.25701}, {0.0027, 263, 6.73049},
(0.0027, 264, 6.22825), {0.0027, 265, 5.74933}, {0.0027, 266, 5.29363},
(0.0027, 267, 4.85807}, {0.0027, 268, 4.45206}, {0.0027, 269, 4.06335},
(0.0027, 270, 3.69571}, {0.0027, 271, 3.35029}, {0.0027, 272, 3.02409},
(0.0027, 273, 2.72203}, {0.0027, 274, 2.43488}, {0.0027, 275, 2.17198},

(0.0028, 255, 14.2925), {0.0028, 256, 13.4841}, {0.0028, 257, 12.707},
(0.0028, 258, 11.9679}, {0.0028, 259, 11.2488}, {0.0028, 260, 10.5583},
(0.0028, 261, 9.89893), {0.0028, 262, 9.26081}, {0.0028, 263, 8.65933},
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(0.0028, 264, 8.06985), {0.0028, 265, 7.51121}, {0.0028, 266, 6.97803},
(0.0028, 267, 6.475}, {0.0028, 268, 5.98778}, {0.0028, 269, 5.52294} ,
(0.0028, 270, 5.08522), {0.0028, 271, 4.66695}, {0.0028, 272, 4.27153},
(0.0028, 273, 3.89693}, {0.0028, 274, 3.54822}, {0.0028, 275, 3.21367},
(0.0029, 255, 17.1628), {0.0029, 256, 16.2624}, {0.0029, 257, 15.4026},
(0.0029, 258, 14.5681), {0.0029, 259, 13.7651}, {0.0029, 260, 12.9878},
(0.0029, 261, 12.2472), {0.0029, 262, 11.5283}, (0.0029, 263, 10.8383},
(0.0029, 264, 10.1742), {0.0029, 265, 9.53824}, {0.0029, 266, 8.92157},
(0.0029, 267, 8.33708), {0.0029, 268, 7.77724}, {0.0029, 269, 7.2378},
(0.0029, 270, 6.72282}, {0.0029, 271, 6.23082}, {0.0029, 272, 5.76653},
(0.0029, 273, 5.31959}, {0.0029, 274, 4.89555}, {0.0029, 275, 4.49274},
{0.003, 255, 20.315}, {0.003, 256, 19.3263}, {0.003, 257, 18.3698},
(0.003, 258, 17.4457}, {0.003, 259, 16.549}, {0.003, 260, 15.6889},
(0.003, 261, 14.8587}, {0.003, 262, 14.0488}, {0.003, 263, 13.2789},
(0.003, 264, 12.5321}, {0.003, 265, 11.8142}, {0.003, 266, 11.1221},
(0.003, 267, 10.447}, {0.003, 268, 9.81326)}, {0.003, 269, 9.1981},
(0.003, 270, 8.60866}, {0.003, 271, 8.04267}, {0.003, 272, 7.49846) ,
(0.003, 273, 6.97971}, {0.003, 274, 6.48505}, {0.003, 275, 6.01153})

Use a ListContourPlot to study the SSE from the table we have produced (moving the mouse pointer
over the table, one can see the SSE displayed).

nsi= ListContourPlot [ErrorData, Contours - 500]

275 |

270}

265 -

QOut[25]=

260 ¢

2551

0.0010 0.0013 (0.0020 0.0025 0.0030

Use a Manipulate command to study the SSE - one finds an SSE of 0.361468 cm? with k = 0.023 moles
.m?.standd=275N - sec - m>.
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nizel= Manipulate [Error [k, d], {k, 0.0001, 0.003, 0.0001}, {d, 200, 300, 1}]

k i
ammme =D ]

oups= | d i
e = > [+]

0.361468




